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ABSTRACT: A generalization of the self-consistent-field theory of Scheutjens and Fleer for adsorption of 
homopolymer from a binary solution toward a theory for adsorption of block copolymers from a multicom- 
ponent mixture is presented. No a priori assumptions about the conformations of the adsorbed molecules 
are made. Equations for the conformation probabilities, the segment density profiles, and the free energy 
are derived. Results on the segment density distribution in adsorbed layers of diblock and triblock copolymers 
are given. We find that diblock Copolymers tend to adsorb with the adsorbing block rather flat on the surface 
and the less adsorbing or nonadsorbing block in one dangling tail protruding far into the solution. We compare 
these predictions with those for terminally anchored chains and find overall agreement but also typical 
differences. The  effect of the surface affinity and the solvent quality on the structure of adsorbed diblock 
copolymers is discussed. 

1. Introduction 
Block copolymers play an important role as additives 

in many industrial products like inks, paints, lubricants, 
coatings, etc. In these systems block copolymers are used 
since they are very effective in stabilizing colloidal 
suspensions. This property finds its origin in the way block 
copolymers adsorb. An adsorbed diblock copolymer has 
usually one block adsorbed on the surface in a rather flat 
conformation, whereas the other block, having a lower 
surface affinity, forms a dangling tail. This has important 
consequences for the interaction between two layers of ad- 
sorbed diblock copolymers, since formation of bridges in 
this situation is unlikely. Hence, block copolymers are 
better stabilizers than homopolymers. Because of their 
freely dangling blocks, adsorbed diblock copolymers are 
often interpreted and theoretically modeled as terminally 
anchored chains. For example, Hadziioannou et  a1.l 
applied the Alexander-de Gennes analysis2p3 for anchored 
chains to adsorption of diblock copolymers. 

In this article we present a self-consistent-field theory 
for the adsorption of block copolymers of any block 
sequence without making a priori assumptions about the 
conformations of the adsorbed molecules. The theory is 
a generalization of the Scheutjens and Fleer theory4* for 
the adsorption of homopolymers from a binary mixture. 
For binary mixtures containing a solvent monomer, the 
extension of the Scheutjens and Fleer theory to diblock 
copolymers is straightforward as has been shown by Leer- 
makers et  al.,7 who modeled the self-association of small 
surfactant molecules. Here we will extend the Scheutjens 
and Fleer theory to the case of adsorption of block 
copolymers from a multicomponent mixture of arbitrary 
composition, including the case that no monomeric solvent 
is present. 

Scheutjens and Fleer use a lattice model to achieve a 
finite number of different conformations of adsorbed 
molecules. The distribution of molecules over the various 
possible Conformations is found by minimization of the 
free energy, subject to the packing constraint that every 
lattice layer has to be filled completely. The minimum 
of the free energy is obtained by differentiating the 
logarithm of the canonical partition function, Q, with 
respect to the number of polymer molecules in a given 
conformation. In order to satisfy the constraint of a filled 

lattice Scheutjens and Fleer perform the differentiation 
of In Q by adding a polymer chain of r segments long in 
a given conformation and a t  the same time subtracting r 
solvent monomers. This method works only if a monomer 
solvent is present in the mixture. In this article the La- 
grange multiplier method for obtaining a constrained ex- 
tremum of a function is applied to the Scheutjens and Fleer 
formalism in such a way that no solvent monomers need 
be present in the mixture. Similar procedures have been 
used by other authors."13 

After the description of the theory, we present some 
typical results on the segment distribution in adsorbed 
layers of block copolymers. In a subsequent publication14 
we report more systematic results of the dependence of 
the adsorbed amount and the hydrodynamic layer 
thickness on the internal composition of block copolymers. 

2. Theory 
2.1. Model. Consider a lattice between two parallel 

plates (see Figure 1). The lattice layers parallel to the 
surface are numbered from one surface to the other ( z  = 
1 ,2 ,  ..., M) and have L lattice sites each. Every lattice site 
has 2 neighboring sites, a fraction A0 of which is in the same 
layer and fractions hl of which are in each of the adjacent 
layers. For example, in a hexagonal lattice (2 = 12) A0 = 
6/12  and hl = 3/12. Each lattice site is assumed to be 
occupied by some segment. In this context, a solvent 
molecule (if present) contains usually one, but sometimes 
more, segments. Segments in the layers adjacent to the 
surfaces are considered to be adsorbed. 

A polymer molecule is represented by a chain of ri 
connected segments numbered s = 1, 2, ..., Ti. We adopt 
the index i to denote the type of molecule. For copolymers 
it is necessary to know the chemical nature of each segment 
s. The segment types are denoted by A, B, C, .... For 
example, in the block copolymer AAABBBB segments s 
= 1-3 are of type A and s = 4-7 of type B. Solvent 
molecules and homopolymers are considered as special 
types of block copolymers. Therefore, we will use the 
general word molecule. 

In equilibrium, the molecules are distributed over the 
various possible conformations in the lattice in such a way 
that the free energy is a t  its minimum. We will adopt a 
mean-field approximation within each lattice layer; i.e., 
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density fluctuations within each layer are neglected, and 
only the distance to either surface is relevant. Therefore, 
to characterize the energy of a molecule of type i in a 
certain conformation c, it is sufficient to specify the number 
rAie(z) of segments of each segment type (A) that  this 
conformation has in layer z. Thus, a conformation is 
uniquely defined by specifying the layer number of every 
segments. The number of molecules i in conformation 
c is indicated as nit. The conformation distribution of all 
molecules i between the two surfaces is denoted by (n f ) .  
The  various possible conformations are not equally 
probable: their frequency depends on the interaction 
energies, which are a function of the local concentrations 
of segments. Since we consider only density gradients 
perpendicular to the surfaces, we use average volume 
fractions in each lattice layer. The volume fractions are 
as follows: 4 ~ i ( ~ )  for segments A of molecules i in layer z, 
+i(z )  for all segments belonging to molecules i, and $A(z)  
for all segments of type A, irrespective of the type of 
molecule. Obviously, &(z) = E A ~ A ~ ( z )  and $A(z) = 
x i $ ~ i ( ~ ) .  If molecules i have no segment of type A, then 
+A&) is zero. The total number of molecules i between 
the two surfaces is denoted by ni, with ni = E&. Since 
all lattice sites are occupied, Xirini = ML. 

2.2. Partition Function. The grand canonical partition 
function, 5, of the system is given by a summation of 
canonical partition functions Q, weighted with their 
appropriate Boltzmann factors 

~IP~I,M,L,T)  = Q(ln~l,M,L,T) e x p [ ~ n i P i / k r l  (1) 
.I1 [","I i 

where IC; is the chemical potential of molecules i. The 
summation on the right-hand side of eq 1 is taken over 
all possible distributions of all molecules over the various 
conformations. Each set  Ini'l represents a single dis- 
tribution that fills each lattice layer exactly. 

We derive an expression for the canonical partition 
function, Q, which equals R exp(-U/kT), where R(ln:I&f,L) 
is the degeneracy. Because of the mean-field approx- 
imation, the total energy, U ,  is constant for a given 
concentration profile and, consequently, for a given set {nicl. 
If we define Q* = IIiQi*, where Qi* = ai* exp(-Ui*/kT) 
is the canonical partition function of ni molecules i in pure 
amorphous bulk state, we can write 

(2) 

where R* = n i R i *  and U* = EiUi*. 
The exponential in eq 2 contains the energy difference 

between the system and the reference state. The com- 
binatory factor Ri*(ni) is the number of ways to arrange 
ni molecules i over rini lattice sites in a pure phase of liquid 
molecules i. An expression for Ri* has been derived by 
Flory:15 

Q = Q*($) exp[-(U- U*)/k?'l 

(3) 

The factorial (rini)! accounts for the number of ways to 
place rini distinguishable monomers over rini lattice sites. 
A correction factor Z/(rini) comes in for each of the (ri - 
1)ni monomers linked to a previous monomer. These 
monomers have only Z instead of rini possible locations 
(if internal overlap of segments is allowed). Finally, a factor 
ni! corrects for the fact that the ni molecules are mutually 
indistinguishable. 

Scheutjens and Fleer4 have derived an expression for 
R for the case of a binary mixture of a polymer and a 
solvent in a density gradient. It is easy to extend their 
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Figure I .  Two chains AAABBBB in a lattice between two 
surfaces. 

equation so that it applies to a multicomponent mixture 
in a density gradient. The result is 

R = ( L ! ) ~ ~ I [ X ~ ( Z / L ) ~ , - ' ] ~ : / ~ : !  (4) 
i.C 

where he is a multiple product of ri - 1 bond weighting 
factors ho and/or XI; see eq 5 below. 

There is a close analogy between eqs 3 and 4. The M 
factorials L! account for the number of ways of placing LM 
distinguishable monomers over the M distinguishable layers 
with L sites each and replace the factorial (rini)! in eq 3. 
The factor Xc(Z/L.).s-l corrects for the ri - 1 segments per 
chain i in conformation c that are linked to a previous one. 
This correction factor can be illustrated as follows. 

As defined before, a conformation is characterized by 
specifying the layer number for each segment. For the first 
segment of a molecule in conformation c (which is to be 
placed in a specific layer) there are L possible locations. 
For the second segment there are hC(211)Z possible 
locations, where hc(211) is the fraction of nearest neighbors 
that segment 1 has in the layer where segment 2 is found. 
Clearly, hC(2)1) is either Xo (if segments 1 and 2 are in the 
same layer) or hl (if they are in adjacent layers). The 
number of arrangements within conformation c is then 
given by LX'Z'P-~ where he is defined as 

(5) 

For each of t he  nie chains in conformation c the  
correction factor is the ratio between LhcF~-l and L'i, which 
is the number of possibilities for ri independent segments. 
Finally, the factorial nit! in eq 4 corrects for the fact that 
the nie molecules i in conformation c are indistinguishable. 

Equation 5 gives the multiple product of ri - 1 bond 
weighting factors for a complete chain. It is sometimes 
convenient to consider only part of a chain, from segment 
s' to s". Therefore, we define h'(s''ls') as 

The logarithm of R/R* can be approximated by applying 
Stirling's formula, In N! = N In N - N .  From eqs 3 and 
4 we find the relatively simple expression 

Substitution of eq 7 in eq 2 leads to the following expression 
for the logarithm of the canonical partition function, B: 
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the number of molecules of each type. The differential 
dL@A(z)/dnjd can be written as r A j d ( Z ) ,  the number of 
segments A in layer z originating from a molecule j in 
conformation d. In order to find the equilibrium set of 
conformations {nit), we substitute eqs 13 and 14 into eq 
12 and obtain the following set of equations: 

In Q = E n :  In (E) - (U - U*)/kT + In Q* (8) 
t ,c rin; 

2.3. Equilibrium Distribution. We will make the 
usual assumption of replacing the sum in the right-hand 
side of eq 1 by its maximum term. The maximum term 
of the sum is determined by that set of conformations (nit] 
that satisfies the total differential 

The variables niC are subject to the constraints 

L - Cn;riC(t) = 0, fo r t  = 1,2, ..., M 
i,c 

where ric(z)  is the number of segments that a molecule i 
in conformation c has in layer 2. Obviously, Czric(z) = ri. 
Physically, eq 10 means only that each lattice site in any 
layer z must be occupied. 

I t  is convenient to use the multiplier method of La- 
grange to obtain a constrained extreme of a function. In 
this method a set of multipliers, ab), one for each 
constraint, is introduced and a new unconstrained function, 
f ,  is defined by adding to In 5, for each layer, a term a(z )  
times the constraint: 

The unconstrained function, f ,  has a saddle point in the 
({nic),{n(z)l) space, i.e., a maximum on {nit) combined with 
a minimum on [ a ( z ) l .  Moreover, in this saddle point f 
satisfies the constraining relations, so that the added terms 
are zero. Hence, in this point the function f equals the 
maximum term of In E for the equilibrium set {nit). 

The equilibrium set {nit} and the M multipliers a(z )  are 
given by the set of equations 

*=O,  z = l , 2  ,..., M (12) 
aa(t)  

For the derivative a In Qlanp we use eq 8. The differential 
of -kT In Q* with respect to np gives the chemical potential 
p,* of a molecule j in the pure amorphous state. Hence, 
the first term of af/anjd in eq 1 2  is 

We assume the energy U - U* to depend only on the 
segment density distribution of every segment type, 
irrespective of the type of molecule or conformation to 
which it belongs. The third term on the right-hand side 
of eq 13 then becomes 

a(U - U*)/kT aU*/kT + dU/LkT ~ L ~ A ( Z )  =-- 
an; 

Differentiating U* with respect to njd is the same as 
differentiating U* with respect to n,, since U* does not 
depend on the conformation of the molecules but only on 

LAd dU*/kT 
rini d anj 

ln-- 1 + (p j  - pj*)/kT + - - 

Equation 15 gives the number njd of molecules j in 
conformation d ,  i.e., the equilibrium distribution of 
conformations. From this distribution all the equilibrium 
properties of the system can be derived, as will be shown 
in the following sections. 

2.4. Segment Potential and Segment Weighting 
Factor. Equation 15 constitutes our central result for the 
equilibrium situation. Upon closer inspection, the term 
in between the square brackets can be interpreted as l / k T  
times the potential U A ( Z )  of a segment A in layer z with 
respect to an arbitrary reference potential U A ' ~ ~ .  Hence, 
we define U A ( Z )  as 

The segment potential, U A ( Z ) ,  depends only on the type 
of segment and not on the type of molecule or conformation 
to which it belongs. In section 2.8 we will discuss the 
physical meaning of the terms on the right-hand side of 
eq 16. 

From the definition of the segment potential, U A ( Z ) ,  and 
eq 15 the number of molecules i in conformation c per 
surface site, nic/L, is easily found. The result is 

where the segment weighting factor, GA(z) ,  for a segment 
of type A in layer z is defined as 

GA(Z) = eXp[-UA(Z)/k (18) 
and the normalization constant Ci, which depends only on 
the type of molecule, is given by 

In Ci = (p i  - pi*)/kT - 1 + 

where rAi is the number of A segments in one molecule of 
type i. In fact, GA(z)  is a Boltzmann factor depending on 
the segment type and the layer number but not on the 
molecule type. I t  gives the statistical weight to find a 
detached segment of type A in layer z ,  according to its local 
potential U A ( Z ) .  That is the reason for calling GA(z) the 
segment weighting factor. 

If we denote the segment weighting factor of segment 
s of a molecule i in conformation c by Cic(s), we can rewrite 
eq 17 as 

(20) 
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Because segment rr is found in layer z there are only three 
possible locations for segment r, - 1: z - 1, z ,  and z + 1. If 
we allow for backfolding we can replace the sum in eq 24 
by three terms, using eq 5: X~G,(z-l,r,-l~l), XoC,(z,r,- 
111), and X~G,(z+l,rl-l~l). Backfolding is included because 
the chain end distribution functions GI(z,r,-l~l), G,(z- 
l,rI--1~l), and G,(z+l,r,-l~l) contain a few conformations 
other than c(z,rJ, namely those in which one or more of 
the first r,-2 segments occupy the same lattice site as 
segment r,. We rewrite eq 24 by introducing an abbreviated 
notation (...) for a weighted average over three layers: 

( Gt(z,sll)) = h,G,(z+l,sll) + X,G,(z,s(l) + X,G,(z-l,s(l) 

(25) 
This average expresses the average weight of an s-mer with 
segments adjacent to a site in layer 2. Now eq 24 becomes 
simply 

G,(z,r,Il) = GI(z,r,) (GI(z,rI-lll)) (26) 
According to eq 26 the chain distribution function for an 
r-mer of molecule type i can be expressed in terms of the 
distribution function of an  ( r  - 1)-mer. The  same 
arguments can be used to obtain the following recurrence 
relations 

where Cic is a product of ri segment weighting factors: 
r, 

(21) 
s=l 

If segments of molecule i in conformation c is of type A, 
and finds itself in layer z ,  then Gic(s) equals GA(z). The 
number nic/L of molecules i per surface site in con- 
formation c is given by the product of a normalization 
factor Ci, a weighting factor Xc (Le., ri - 1 bond weighting 
factors XO or XI) for performing a walk over an empty lattice 
according to conformation c, and a multiple product of r, 
segment weighting factors Gic(s), one for each segment 
according to its type and layer number. 

2.5. Segment Density Distributions. In this section 
we describe how the segment density distributions 4i(z), 
c$A~(z), and $A(z) are found from the set GA(z) of segment 
weighting factors using eq 20, but without the need to 
generate all the configurations separately. 

We start our derivation by introducing a chain end 
distribution function, Gi(z,sll), for a chain part consisting 
of the segments 1, ..., s of a molecule i. This distribution 
function gives the statistical weight of all possible walks 
starting from segment 1, which may be located anywhere 
in the lattice, and ending at  segments in layer z. In other 
words, Gi(z,sll) is the statistical weight of s-mers (of the 
same composition as the firsts segments of a molecule i) 
with the end segments in layer z. We denote the segment 
weighting factor for segments of molecule i in layer z by 
Gi(z,,s). The difference with Gic(s) as given above is that 
in the latter case the layer number need not be specified 
because it is fully defined by the conformation c .  The 
factor Gi(z,s) equals GA(z) if segments of molecule i is of 
type A and in layer z ,  whereas GiC(s) equals GA(z) if s is 
of type A and if conformation c prescribes that s is in z. 

Our aim is to express the chain end distribution function 
in the segment weighting factors, Gi(z,s). According to its 
definition, Gi(z,rill) is the statistical weight of molecules 
i ending with the last segment ri in layer z. Summation 
over all z gives the statistical weight of all chains i, the 
chain weighting factor, Gi(ril1). In Gi(ril1) all possible 
conformations of the chains i in the system are included. 
The same total weight is obtained by summing XCGiC, the 
weight of chains i in one particular conformation c, over 
all c. Hence 

2 C 

The last identity in this equation follows from eq 20. 
In order to obtain the chain end distribution function, 

Gi(z,rill), itself, we sum only over those conformations c 
having the rith segment located in layer z. We denote these 
conformations by c ( z  ,ri) 

C k r J  

which is part of the statistical weight G,(r,ll) given in eq 
22. For all conformations c(z,r,) the segment weighting 
factor, GlC(rI), for segment r, equals G,(z,r,), and this factor 
may be taken outside the summation. Moreover, Xc may 
be separated in the bond weighting factor Xc(rllrl-l) for 
the last bond and the product of the first r,  - 2 bond 
weighting factors; see eqs 5 and 6: 

Gl(z,rlll) = G,(z,r,) [Ac(rIlr,-l) Ac(rl-lll) ~:(r,-111)1 

(24) 
c ( z , r , )  

Starting at  the first segment (s = 1) of a molecule of type 
i, for which Gi(z,lll) = Gi(z,l), the chain end distribution 
functions Gi(z,sll) are calculated by applying eq 27. The 
chain end distribution functions Gi(z,slri) are calculated 
starting at  the other end of the chain (s = Ti). 

For the distribution functions of inner segments of chains 
i we use the connectivity law, also known as the com- 
position law. Segment s joints the chain parts 1, 2, ..., s 
and s, s + 1, ..., r,. If segments is in layer z the first chain 
part has a statistical weight Gi(z,sll), and the other Gi- 
(z,slri). The statistical weight of all chains i with segment 
s in layer z becomes Gi(z,sll) Gi(z,slri)/Gi(z,s), where the 
factor Gi(z,s) comes in to correct for double counting of 
the weighting factor of segment s. The volume fraction 
$i(z,s) due to  segments s of molecules i in layer z is 
proportional to this. With &(z) = CS&(z,s) we obtain 

s=l  

If dUi*/dni and the chemical potential of molecules i in 
the mixture between the two plates are known, the 
normalization constant Ci is directly obtained from eq 19. 
The choice of the reference potential U A ~ ~ ~  in eqs 16 and 
19 is arbitrary, as it cancels in eq 29. Alternatively, if the 
total amount %i of molecules i is known, the normalization 
constant is directly obtained from eq 22 

(30) 

where we have defined %i as the total number of segments 
of molecules i per surface site present between the two 
plates, which equals the number of equivalent monolay- 
ers of molecules i: 
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The expression for the volume fraction given in eq 29 is 
a straightforward generalization of that given by Scheutjens 
and Fleer, which only applies to chains with inversion 
symmetry. If we want to obtain @Ai(%), we should include 
in the summation overs in eq 29 only those segments which 
are of type A. 

2.6. Adsorbing, Bridging, and Free Molecules. 
Scheutjens and Fleer6 have shown how to obtain detailed 
information on adsorbing, bridging, and free polymers 
between two plates in case of a mixture of homopolymer 
and solvent, once the segment weighting factors IGA(z)J are 
known. Their equations can easily be extended to the case 
of a multicomponent mixture containing block copolymers. 

The amount 8i of molecules i can be subdivided into five 
groups: 8ia’ of molecules i adsorbed on the first plate; 8ia” 
of molecules i adsorbed on the second plate; 8; of non- 
adsorbed (free) molecules i having no segments in layers 
1 and M, Oib’ of bridging molecules i with the last chain 
end leaving from the first plate, and Bib” of bridging 
molecules i with the last chain end leaving from the second 
plate. Obviously 

x8: = Bi (32) 

where g denotes f, a’, a”, b’, or b”. For each group we can 
define a chain weighting factor G+(rill), so that 

8 

CGig(ril l)  = Gi(rill) (33) 
g 

From the conditions that Gi(z,sll) = CsG~(z,sll) and 
Gi(z,slri) = CgG#(z,s(ri), and the recurrence relations 27 
and 28, we can calculate the chain end distribution 
functions G#(z,sll) and G+(z,slrJ for every group using eqs 
36-43 of ref 6. If all G$(z,sll) and G+(z,slri) are known, 
the volume fraction profiles of segments in trains, loops, 
and tails of adsorbing and bridging molecules can be 
calculated, as well as their size distributions. Since we are 
dealing with block copolymers, which, in general, show no 
inversion symmetry, the equations for the volume fraction 
profiles and for the average number of trains, loops, tails, 
etc., will be slightly different from those derived by 
Scheutjens and Fleer for homopolymers. Substitution of 
&G$(z,sll) for Gi(z,sll) and X:,GP(z,slri) for Gi(z,slri) into 
e q  2 9  a n d  p e r f o r m i n g  t h e  m u l t i p l i c a t i o n  
[&G18(z,sI1)] [&G18(z,slri)]/ Ci(z,s) gives 25 terms which 
contribute to 4i(z). These 25 terms can be recognized as 
the distribution of segments s in free chains, in trains (or 
loops) on each of the surfaces, in tails of bridging or non- 
bridging chains, etc. For more details we refer to Table 
I of ref 6. From these 25 terms we can calculate the volume 
fraction profiles of free chains, trains, loops, tails, etc. The 
complete equations are given in Appendix 11. 

2.7. Flory-Huggins Approximation. In order to 
derive the potential U A ( Z )  of segment A in layer z and the 
differential of Vi* with respect to ni (see eqs 16 and 19), 
we have to find expressions for the total energy, U ,  of the 
mixture and the energies, Ui*, of the reference states. 

For the energy of mixing we use the familiar Flory- 
Huggins15 interaction parameter xm, defined as the energy 
change (in units of k79 associated with the transfer of a 
segment of type A from a solution of pure A to a solution 
of pure B. For segments of equal size, the same energy 
effect occurs upon the transfer of a segment B from pure 
B to a solution of pure A, so that XAB = XBA and XAA = 0. 
In this paper, we will only account for nearest-neighbor 
interactions, although the incorporation of long-range 
interactions is straightforward. If a segment is located in 
layer z ,  it can only be in contact with segments in the layers 
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z + 1, z ,  and - 1. Since we are using a mean-field 
approximation within each layer, we need only the average 
number of contacts a segment in layer z will have with, 
for instance, segments of type B. This average number 
of contacts with B segments is given by XIZC$B(Z-~) + 
X&$B(Z) + X~ZC$B(Z+~) E Z(@B). The use of the angular 
brackets is the same as in eq 25. If A would be fully 
surrounded by B segments, the energy contribution to the 
system would be XAB. Hence, the contact energy of 
segments A in layer z with B segments is L ~ A ( z )  XAB- 
( ~ B ( z )  ), and the total energy of mixing, U,  can be written 
as 

where ( ~ B ( z ) )  is called the contact fraction with B segments 
for a segment in layer z and is given by 

( @ B ( Z ) )  = Xl@B(z-l) + XO&(Z) + X14B(z+l) (35) 
The factor l / 2  in eq 34 corrects for double counting, because 
in the double summation over A and B each type of contact 
occurs twice. Note that the total number of contacts A-B 
in the system is 

Equation 34 includes the energy of adsorption, Ua, 
provided that the solid S is included in the summation over 
A and B. To show this, we define a Flory-Huggins 
parameter XAS for the interaction between a segment A 
and a surface site. (Scheutjens and Fleer, following 
Silberberg,l6 use an adsorption energy parameter xs, which 
is defined as the dimensionless difference - ( u A ~  - uoS)/ 
kT,  where U A ~  is the adsorption energy of a polymer 
segment A and uoa that of a solvent molecule. Thus, xs 
is positive if A adsorbs preferentially from the solvent. 
Since in the adsorption process only X1Z instead of Z 
contacts are formed, uAa/kT = Xlxu and uoa/kT = X1xos. 
Therefore, xs = -X1(XAS - xes).) The energy change (in 
units of k?? resulting from bringing a segment A from pure 
A into an environment of pure S is given by XU. Now the 
adsorption energy follows directly from eq 34. In this 
equation, both A and B may refer to the two solid surfaces 
S and S’. The four terms containing S and S’ combine pair- 
wise so that the factor cancels: 

(37) 
For the remainder of this article we adopt the convention 

that, unless stated otherwise, the surfaces S and S’ are 
included whenever a summation over segment types is 
taken. For S we assume that is unity for z I 0 and 
zero for z > 0, so that (4s(l)) = XI and ( $ s ( z ) )  = 0 for z 
> 1. Similarly, &+) is zero for z 5 M and unity for z > 
M ,  and ($s(M)) = A1 and (&@)) = 0 for z < M. Equation 
37 can thus also be written in the form 

r ,A 

To obtain the differential of U/LkT with respect to 
~ A ( z ) ,  needed in eq 16, we differentiate the right-hand side 
of eq 34. Since the volume fraction of type A segments 
is contained in both summations (over A and B) the factor 
‘/z drops out. 

(39) 
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layer z can be expressed as 

u A ( z )  = u’(z) + UAint(z)  (46) 
where both u’(z) and UA%) can be defined with respect 
to the bulk solution by a suitable choice of the reference 
potential, so that U A ~  = db = 0. For example, substituting 
eq 44 for the reference potential U A ~ ~ ~  and eq 39 into eq 
16 results in the following expression for the potential ~ ’ ( 2 )  
in the Flory-Huggins approximation 

For the fourth term of eq 19 we need an expression for 
the energy Vi* of ni molecules in the pure amorphous state, 
which may contain various segment types. This energy 
follows from eq 34 as 

where &i* is the volume fraction of segments B in pure 
amorphous i, or 

rAI 

ri 
4Ai* = - 

When differentiating the right-hand side of eq 40 with 
respect to n,, we should note that L x & A i ( Z )  = rini@Ai* and 
that $ ~ i *  is independent of n;: 

In order to choose a proper reference potential, we 
consider a homogeneous bulk solution, which is in 
equilibrium with the mixture between the two plates; Le., 
for every molecule type the chemical potential in the bulk 
solution and in the mixture between the two plates are 
equal. The volume fraction of molecules i in this bulk 
solution is denoted as $ib. An obvious choice for the 
reference potential would be such that U A ~  becomes zero; 
i.e., all G’s will be unity in the bulk solution. From the 
condition that all G’s are unity and eq 29 we can express 
the normalization constant, Ci, in the bulk solution volume 
fraction @: 

(43) 

In Appendix I we have derived an expression for the 
chemical potential pi - I.c~* of molecules i in a homogeneous 
mixture, which is a generalization of the Flory-Huggins 
expression. The reference potential corresponding to the 
condition that all G’s are unity in the bulk solution is found 
from substitution of eq 42,43, and 1.8 of Appendix I into 
eq 19: 

Since the choice of the reference potential U A “ ~  is arbitrary, 
we can still use eq 44 for U A ~ ~ ~  when applying it to an 
arbitrary chosen homogeneous bulk solution. However, 
if the chosen bulk solution is not in full equilibrium with 
the mixture between the two plates, then eq 43 will no 
longer hold. Using this reference potential (eq 44) and eq 
42, we can rewrite the expression for the normalization 
constant, Ci, given in eq 19 as 

djb 
In C, (p i  - p i * ) / k T  - 1 + r i c -  - In ri + 

‘ j  

A,B 

This equation for the normalization constant is, like eq 
30, generally valid. For the case of full equilibrium eq 45 
reduces to the simple form of eq 43, which can be seen by 
substituting eq 1.8 of Appendix I into eq 45. 

2.8. Hard-core Potential and Interaction Potential. 
Generally, the segment potential, U A ( Z ) ,  of segment A in 

and similarly, the potential U A ~ ~ ~ ( Z )  is given by 

As can be seen from eqs 46-48, U A ( Z )  contains a part 
~ ’ ( z ) ,  which is independent of the segment type, and a 
mixing contribution U A ~ ~ Y Z ) ,  which, obviously, depends on 
the type of segment. The potential u’(z) may be identified 
as the “hard-core” potential. If there is no mixing energy 
(i.e., if all XAB are zero), only u’(z) remains. This is, for 
instance, the case in a polymer melt containing only one 
segment type. Now u’(z) is the potential in each layer that 
must be applied to ensure complete occupancy of the 
lattice. Without this potential, the surface region of a 
polymer melt would be depleted because of entropic 
restrictions. The hard-core potential u’(z) prevents this 
depletion and makes x,&(z) = 1 for any 2. In fact, u’(z) 
gives, through eq 47, the physical meaning of the La- 
grange multipliers, &), that were introduced precisely to 
satisfy the volume-filling constraint 10. The potential ~ ’ ( z )  
is the same for any segment type. In Appendix 111 it will 
be shown how u’(z) can be found self-consistently. 

A similar hard-core potential occurs also in other 
theories. For example, Helfand and Tagamis and Hong 
and Noohd ig  define a compresibility parameter o(z) ,  and 
Gruen and De LaceylO introduce a lateral pressure n(z). 
Marqusee and Dill” use parameters In q ( z ) ,  and Theo- 
dorou12J3 arrives at [ ( z )  as Lagrange parameters. All these 
parameters have a similar physical meaning as our u’(z). 

The second part of U A ( Z ) ,  the interaction potential 
uAmt(z ) ,  corresponds to the energy of mixing. In the Flory- 
Huggins approximation it represents the energy associated 
with the transfer of a segment A from the bulk solution, 
with contact fractions 4 ~ ~ ,  @cb, ..., to layer z where the 
contact fractions are ), ($c(z) ), ...; see eq 48. Clearly, 
this mixing energy term depends on the segment type and 
on the actual model used for the interaction energies. 

2.9. Free Energy and Surface Tension. The free 
energy, A - A*, of the mixture between the two surfaces 
with respect to the reference state is, according to standard 
statistical thermodynamics, given by 

(49) 
The logarithm of the canonical partition function is given 
by eq 8. Let us rewrite the first term on the right-hand 
side of eq 8, i.e., the entropic part of Q, using eqs 17 and 
18. Taking the logarithm of the former equation, 
multiplying by nit, and summing over i and c gives after 
some rearrangement 

A - A *  = -kT In (Q/Q*) 

(50) 
1 - L  

In the summation over A’ the surfaces S and S’ are not 
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included. Substitution of eq 8 into eq 49, using eqs 34, 
40, and 50, results in the following expression for the free 
energy A - A*: 

For the normalization constant Ci we can substitute O i l  
riGi(ri/l), according to eq 30, so that the free energy is 
written in terms of the segment potentials and segment 
densities only. 

We can also express the free energy in terms of hard- 
core potentials, chemical potentials, and segment densities, 
by substituting eqs 45,46, and 48 into eq 51 

where Oiex is, analogous to eq 31, the excess amount of 
molecules i, expressed as equivalent monolayers: 

(53) 

Again, the primes in the third term on the right-hand side 
of eq 52 indicate that the surfaces S and S' are not included 
in the double summation. 

The surface tensions ys and yo are the excess surface 
free energies per unit area for the two surfaces. A t  constant 
volume V = ML and surface areas As and As(, standard 
thermodynamics gives -pV + ysAs + ystAst = -kT In 
Z({pi},M,L,Z'), where p is the pressure. In the reference 
state, containing only bulk phases, we have -px iV i  = 
-kTx i ln  Ei*. Hence 

ysAs + ySAs = -kTln(E/E*) = A - A *  - x n i ( p i  - pi * )  

(54) 
Substituting eq 52 into eq 54 gives the following result for 
the excess surface free energy per surface site: 

i 

YsAs + Y,A, = -TF - F u ' ( z ) / k T  - 
LkT 

Obviously, the value of ysAs + y a A s  depends on the plate 
separation M .  In the case of two equal surfaces, the excess 
surface free energy can be written as 2ysAs. If the volume 
fractions in each layer are the same as in the bulk solution, 
eq 55 reduces to ~ s A s  + ysAst = -LCzu'(z). This implies, 
e.g., to a one-component system, for which the volume 
fraction a t  any z is unity. 

3. Results and Discussion 

In this section we present a selection of numerical results 
on the segment distributions of adsorbed block copolymers 
in relation to parameters like solvent quality, surface 
affinity, and bulk concentration. In another publication14 
we will give detailed and systematic results on the effect 
of  the chain composition of block copolymers on the ad- 
sorbed amount and the hydrodynamic layer thickness. 
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Figure 2. Segment weighting factor profiles of the A and B 
segments for an A&x) diblock copolymer (a), the corresponding 
(total) segment density profile for the copolymer (b), and the 
separate segment density profiles for A and B segments (c and 
d). The volume fraction of polymer in the bulk solution is lo4. 
The latter profiles may be compared with those of an Am ho- 
mopolymer at the same adsorbed amount of A segments (e) and 
a BM terminally attached homopolymer (f) at the same amount 
of B segments. The A segments are strongly adsorbing ( X A S  = 
-lo), XAO = 0.5; all other x parameters are zero. 

All results presented here have been calculated for a 
hexagonal lattice (2 = 12, A0 = 'j/12). 

3.1. Segment Density Distributions. In order to 
illustrate the structure of an adsorbed layer on one surface, 
we examine the segment weighting factors GA(z) and GB(z), 
and the segment density profiles @A(%), and @B(z) 
of an A50B50 diblock copolymer. The 50 A segments are 
given a high affinity for the surface ( X A S  = -10) and 
the 50 B segments have the same affinity for the surface 
as the solvent 0 (XBS = xos = 0). The solvent quality is 
taken poor for the A segments (XAO = 0.5) and good for 
the B segments (XBO = 0). Figure 2a gives the segment 
weighting factors G(z) for the A and B segments. Near 
the surface GA(z)  is higher than 1 since the A segments 
adsorb preferentially on the surface because of their high 
surface affinity (XAS = -10). For GB(z) low values (<1) 
are found near the surface because B segments are 
displaced by the preferentially adsorbing A segments. 

From the volume fraction profiles in parts b-d of Figure 
2, we may conclude that the A segments are mainly found 
in trains and loops, whereas the B segments contribute 
predominantly to  the density profile of tails. I t  is 
instructive to compare the density profiles of the A 
segments of the A50B50 diblock copolymer with those of 
an A50 homopolymer (Figure 2e) a t  the same adsorbed 
amount of A segments. The (total) volume fraction profile 
of A segments is nearly equal for both types of molecules. 
However, the volume fraction of A segments in loops is 
slightly higher for the A homopolymer and, consequently, 
that  of A segments in tails lower than for the ASOBSO 
copolymer. Hence, the distribution of A segments in the 
homopolymer is more homogeneous (Le., depends less on 
the ranking number). In the next section we will study 
the distribution of the individual segments of adsorbed 
molecules over the layers in more detail. 

As adsorbed block copolymers are often treated as 
anchored chains, it is also interesting to compare the profile 
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Figure 3. Segment density profiles of an A 2 ~ B 2 5 0  diblock 
copolymer for a low (a) and a high (b and c) surface affinity of 
A segments (XAS = -2 and -10, respectively) and three different 
solvent qualities for the B segments (indicated). The B segments 
are nonadsorbing (xes  = 0 )  in (a) and (b) and are given a surface 
affinity XES = -9 in (c). Other parameters are as follows: xos = 
0, XAO = 0.5, X A B  = 0.3, and @ = 10-4. 

of B segments with that of an anchored B block. Cos- 
grove et  al.17 and Hirzl8 have extended the theory of 
Scheutjens and Fleer to the case of anchored tails. We 
used this modification of the theory to calculate the profile 
of a terminally attached B block (Figure 20.  The amount 
of anchored B blocks of 50 segments is taken equal to the 
adsorbed amount of B segments of the A50B50 diblock 
copolymers. The  shape of both density profiles is 
essentially the same, with the profile of the B segments 
of the block copolymer shifted about two layers further 
into the solution than the profile of the anchored B block. 
There is a significant difference between both profiles in 
the first two layers since the B segments of the copolymer 
interpenetrate into the adsorbed layer of A segments. 

The effect of the surface affinity of the A and B segments 
and that of the solvent quality for the B segments on the 
segment density profiles of an adsorbing AB block 
copolymer is shown in Figure 3, for a longer copolymer 
A250B250. In this case XAB was chosen as 0.3, the other 
parameters are xos = 0, XAO = 0.5, and @ = In Figure 
3a the A segments are weakly adsorbing (XAS = -2) whereas 
in Figure 3b the A segments have a high surface affinity 
(XAS = -10); in both cases the B segments are nonadsorb- 
ing (XBS = 0). When the surface affinity is high (Figure 
3b), more extended adsorbed layers than for XAS = -2 are 
found due to a higher adsorbed amount. This higher ad- 
sorbed amount for XAS = -10 gives also higher segment 
densities. If the solvent quality is good for the B segments 
(XBO = O), a very extended profile is found for XAS = -10: 
up to 45 layers. In case of a low surface affinity for the 
A segments ( X A S  = -2), lowering the solvent quality for 

the B segments results primarily in higher segment 
densities. A poor (XBO = 0.5, 6-solvent) or bad solvent 
quality for the B segments makes it less favorable for these 
segments to be surrounded by solvent. However, even a t  
XBO = 0.6, just below the critical x value where phase 
separation between solvent and B chains of 250 segments 
occurs, there is no substantial collapse of the B block 
because the surface affinity is too low to compensate for 
the loss of entropy. If the surface affinity is high for the 
A segments (XAS = -101, a lower solvent quality for the 
B segments results in less extended segment density 
profiles (25-30 layers) and the density in the tail region 
increases. In this case the loss of entropy due to the partial 
collapse of the B tail is compensated by the strongly ad- 
sorbing A segments. There is hardly any effect on the 
segment density profiles if the B segments have a surface 
affinity somewhat lower than the A segments (XAS = -10 
and XBS = -9), as is seen from Figure 3c. Since the A and 
B blocks are equally long and the adsorbed amount is high 
because of the high surface affinity of the A segments, 
displacement of A segments from the surface by B 
segments is not likely, even if the difference in surface 
affinity is rather low. 
3.2. Distribution of Individual Segments. In order 

to obtain more detailed information on the structure of 
the adsorbed layer, we present in this subsection some 
typical results of the distribution of individual segments 
of adsorbed molecules over the various layers. 

For every individual segment s the ratio 4ia(z,s)/ 
C24ia(z,s) gives the normalized distribution of segment s 
over the various layers. In fact, this ratio is the probability, 
Pie(z,s), of finding segment s of an adsorbed molecule i in 
layer 2. 

4ia(z,s) 
Pi"(2,s) = (56) 

&Yz,s) 
2 

For showing the dependence of Pia(z,s) on the layer 
number, z ,  and the segment ranking number, s, we will give 
contour plots of 100Pia(Z,s) as a function of z and s. The 
curves in these contour plots represent points of equal 
Pie(z,s) values. 

Figure 4 gives the individual segment distributions of 
an Alw homopolymer, an AlwBlw diblock copolymer, and 
an AlwBlwAlw triblock copolymer. The A segments are 
the adsorbing segments (xu = -lo), all other x parameters 
are zero, and the solution concentration is 4b = lo4. From 
comparison of the Pia(z,s) profile of the Alw homopoly- 
mer with the profile of the A100 block of the diblock 
copolymer, we may conclude the following. 

Obviously, the segment probability profile for the Alw 
homopolymer is symmetric with respect to s. The end 
segments are distributed over a larger distance from the 
surface than the middle segments. The average tail length 
of the homopolymer is found to be 6.2 segments long. The 
segment probability profile of the A block of the AlmBlm 
diblock copolymer is asymmetric (Figure 4b), since the A 
segment with s = 100 is connected to the nonadsorbing 
B block. The A block is closer to the surface except the 
A segments near s = 100, and the effect of the ranking 
number is weaker than that in the Alw homopolymer, in 
contrast to the situation in parts b and c of Figure 2. This 
is due to the fact that a t  the same equilibrium solution 
concentration the adsorbed amount of A segments is lower 
for the diblock copolymer than that for the A homopoly- 
mer, whereas in Figure 2 the comparison has been made 
at  the same adsorbed amount of A segments. As already 
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Figure 4. Contour plots of 100Pia(z,s) as a function of segment 
ranking number, s, and layer number, z, for an Alm homopoly- 
mer (a), an AlmBlm diblock copolymer (b), and an AlmBlooAlm 
trihlock copolymer (c). The A segments are strongly adsorbing 
( x ~ s  = -lo), all other x parameters are zero, and & = 10-4. 

concluded from the volume fraction profiles of the B 
segments in Figure 2d, the B block is found in one dangling 
tail, which is also seen in the segment probability profile 
of the B blocks. The loops in the probability curves for 
the B segments (s > 100) indicate that the distance from 
the surface where B segments have the highest probability 
increases with increasing ranking number. The strongest 
increase is found for the B segments near the A block. 

For the AlooBlooAloo triblock copolymer a symmetric 
profile is found (Figure 44. From the profile of the B block 
we can conclude that most B segments are found in one 
loop. For the first 10 layers we obtain a profile for the A 
blocks very similar to that of the A blocks of the ArooBlm 
diblock copolymer. However, at  a larger distance from the 
surface the profile of the end segments of the copolymer 
shows a hump. This originates from a few chains with one 
A block adsorbed and a “sticky” tail containing both the 
B block and the other A block. A second interesting point 
is the extension of the profile of the A blocks into the 
solution as compared with the diblock copolymer. The 
conformation of the A blocks of the AlooBlmAloo triblock 
copolymer is less “flat” than that of the A block of the 
AlmBloo diblock copolymer, because the adsorbed amount 
of A segments is higher for the triblock copolymer. 

The effect of surface affinity of the A segments on an 
AlooBlm diblock copolymer is shown in parts a and b of 
Figure 5. The segment probability profile of the diblock 
copolymer is given for two different surface affinities for 
the A segments (XAS = -4 and -10). When XAS becomes 
more negative, the A block is found closer to the surface 
and the B block is somewhat more stretched out. This 
is easily understood since a higher surface affinity gives 
a better compensation for the loss of entropy. Hence, more 
copolymers adsorb, the B blocks are in a more extended 
conformation because of lateral interactions, and the A 
blocks will be found in a more closely packed and relatively 
collapsed conformation on the surface. 

Similarly, the effect of the surface affinity of the B 
segments is given in parts b and c of Figure 5. For the 
two XBS values used (XBS = 0 and -8) there is hardly any 
effect on the profile of the A block. The profile of the B 
block becomes slightly less extended as XBS becomes more 
negative, especially for the  B segments with a low 

s 
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Figure 5. Contour plots of 100Pia(z,s) as a function of segment 
ranking number, s, and layer number, z ,  of an AlmBlm diblock 
copolymer for two different values of XAS and xes  (indicated). 
As in Figure 4 all other x parameters are zero. Figure 5b is the 
same as Figure 4b. 
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Figure 6. Contour plots of 100Pia(z,s) as a function of segment 
ranking number, s, and layer number, z, of an AlmBlm diblock 
copolymer for three different values of X B O .  All other x 
parameters are zero. 

ranking number, i.e., close to the A block. As the difference 
in surface affinity between A and B segments decreases, 
more B segments will be found in long loops and in short 
trains. 

The solvent quality for the B segments has a drastic 
effect on the conformation of the B block as is seen in 
Figure 6. The B segments are found closer to the surface 
when the solvent quality for these segments decreases. This 
is especially the case for the B segments with a high 
ranking number, near the chain end. Since the ad- 
sorbed amount increases with increasing XBO, the profile 
for the A block becomes somewhat more extended. 

4. Conclusions 
We have shown how the self-consistent-field theory of 

Scheutjens and Fleer for adsorption of homopolymers from 
a binary mixture can be generalized to describe adsorption 
of block copolymers of any composition from a multi- 
component mixture. Also, we have shown how the surface 
tension of adsorbed block copolymers in a multicompo- 
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nent mixture can be calculated. 
Detailed information on the structure of the adsorbed 

layer of block copolymers has been obtained. Diblock 
copolymers tend to adsorb with the adsorbing block rather 
flat on the surface. The density profile of the adsorbing 
A segments is similar to that of an A homopolymer of the 
same length. The less adsorbing or nonadsorbing block 
is found in one dangling tail and protrudes far out into 
the solution. The segment density profile of this block 
resembles that found for terminally anchored chains. For 
high adsorbed amounts the extension of the segment 
density profile of the less adsorbing or nonadsorbing block 
depends highly on the solvent quality for the segments of 
this block. Triblock copolymers with adsorbing end blocks 
form dangling tails with “sticky” ends. 

Appendix I. Derivation of a Generalized Flory- 
Huggins Formula for the Chemical Potential 

FloryI5 has derived a formula for the chemical potential 
of a homopolymer in binary and ternary mixtures. His 
expression for a binary mixture can be written as 

(PI - F I * ) / k T  = In 41 + 1 - r1(#1/r1+ #2/‘2) + ‘1x124; 
(1.1) 

When the indices 1 and 2 are interchanged, p2 is obtained. 
We need a general equation for the chemical potential 

of a copolymer in a homogeneous multicomponent mixture. 
The chemical potential, p,, of a molecule j in a mixture 
containing n, molecules j is obtained by differentiating the 
free energy, A ,  of the mixture with respect to nj: 

Macromolecules, Vol. 23, No. 25, 1990 

Equation 1.6 follows from the fact that the segment volume 
fractions of pure liquid molecules j (4Ai* = r.4j/r;) are 
independent of the number of molecules. With eqs 1.5 and 
1.6 we obtain 

(1.2) 

The free energy of the pure unmixed liquid phases of the 
same molecules is denoted by A*. The free energy 
difference, A - A* is simply given by 

This equation can be derived as A - A* = -kT In (Q/Q*) 
= -kTln ( Q / Q * )  + U - U*, applied to a homogeneous bulk 
solution along the lines given in sections 2.3 and 2.8. It 
is easily verified that eq 7 reduces to the first term (the 
entropy part) of eq 1.3, whereas eqs 34 and 40 give the 
second (energetic) term. 

The physical process corresponding to the differentiation 
in eq 1.2 is the transfer of a molecule j from the reference 
state to the mixture. During this transfer the number of 
molecules of component j in both phases will change. For 
the entropy part of the free energy difference we obtain 

For the derivative of the energy part we make use of the 
expressions given in eqs 1.5 and 1.6. Note that # j  = rjnj/ 
n, where n is the total number of molecules in the mixture, 
and rAi is the number of segments A per molecule of type 
1 .  

(1.5) 

where CinirAi/Ciniri was replaced by 4 ~ .  Combining eqs 
1.7 and 1.4, we obtain for p, - p;* 

P; - p;* 4i 

k T  i ‘i 
= In 4, + 1 - rjC-- 

where we used the relation ‘A; = rj’$Aj*. 

case of a binary mixture. 

Appendix 11. Adsorbing, Bridging, and Free 
Molecules 

The equations for the chain end distribution functions 
of adsorbed (a), bridging (b), and free (f) chains are given 
below, where a prime indicates the surface adjacent to layer 
1 (surface 1) and a double prime the surface adjacent to 
layer M (surface 2). The equations are straightforward 
generalizations of those given in ref 6. 

The chain end distribution function Gif(z,sll) of segment 
s of nonadsorbed (free) molecules i is given by 

It is easily verified that eq 1.8 reduces to eq 1.1 for the 

G,f(l,sll) = 0 

G,f(z,sll) = Gi(z,s) (G:(z,s-lll)), for 1 < z < M 

G,f(M,sll) = 0 (11.1) 

For z = 1 we have Gi(1,s) (G!(l,s-lll)), but this term 
contributes to adsorbing chains. The equations for the 
chain end distribution functions Gif(z,slri) are similar. 

The chain end distribution function Gia’(z,sll) of segment 
s of molecules i adsorbed on the first surface is given by 

Gy(I,slI) Gi(l,s) (G:’(l,S-lll) + Gif(l,S-lll)), 
for M > 1 

G,”’(M,s(l) = 0 (11.2) 

The equations for the chain end distribution functions 
Gia’(z,slri) are similar. 

The chain end distribution function Gia”(Z,sll) of segment 
s of molecules i adsorbed on the second surface is given 
by 

Gy( l , s ( l )  = 0 

Cf’(z,sll) = Gi(z,s) ( G ~ ( z , s - l l l ) ) ,  for 1 < z < M 

Gy(M,s( l )  = Gi(M,s) (G:”(M,~-lll) + 
G/(M,s-lll)), for M > 1 (11.3) 

The equations for the chain end distribution functions 
Gia”(z,slri) are similar. 
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The chain end distribution function Gib’(z,sll) of segment 
s of bridging molecules i with the last chain end leaving 
from the first surface is given by 

Gib(l,SIl) = G,(l,s) (Gy(l,s-lll) + G,b”(l,s-111) + 
GY(l,s-lIl)), for M > 1 

Gy(z,sll) = G,(z,s) (G:(z,s-lll)), for 1 < z < M 

Gy(M,sll) = 0, for M > 1 (11.4) 

The equations for the chain end distribution functions 
Gib’(z,slri) are similar. 

The chain end distribution function GF(z,sll) of segment 
s of bridging molecules i with the last chain end leaving 
from the second surface is given by 

Gy( l , s \ l )  = 0, for M > 1 

Gib”(z,sll) = Gi(z,s) (Gy(z,s-lll)), for 1 < z < M 

C,b”(M,sll) = Ci(M,S) (Gy(M,s-lll) + Gib’”-1I1) + 
G:’(M,s-lll)), for M > 1 (11.5) 

For M = 1 all chains are bridging: 

G!(l 1 ’  s(1) = Gib’(l,SIl) = G,(l,s) (Gib’(l,s-lp)), 
for M = 1 (11.6) 

The equations for the chain end distribution functions 
Gib”(z,slri) are similar. 

All starting values of the various chain end distribution 
functions GF(z,lll), where g = a’, a”, f, b’, or b”, are zero 
except the following nonzero terms: 

G:’(l,lll) = Gi(l,l), for M > 1 

G;”(M,ip) = Gi(M,l), for M > 1 

1 (11.7) 

For the starting values of Gig(z,sJri) we have similar 
equations. 

From the chain end distribution functions GP(z,sJl) and 
GP(z,slri) the volume fractions of trains (tr), loops (lp), and 
tails (tl) may be calculated with the following equations. 
The volume fraction profile of loops of molecules ad- 
sorbed on surface 1 only is given by 

Gib(l,lIl) = Gib”(l , l~l)  = 5Gi(l,l),  for M = 1 

ri 

41p,$z) = CiCG:’(z,sll) Gie’(Z,slri)/Gi(Z,s), 
s-1 

for 1 < z < M (11.8) 
For the loops of molecules adsorbed on surface 2 only, 
replace a’ by a” in eq 11.8. Set z = 1 to obtain &,i“(l), 
the volume fraction of trains of nonbridging molecules on 
surface 1,  and replace a’ by a” and z by M to obtain 
Str,i”’(M), the volume fraction of trains of nonbridging 
molecules on surface 2. The volume fractions of tails of 
molecules adsorbed only on surface 1 consist of two 
contributions, one for each chain end: 

#tl,f(z) = Cix[Gp’(z,sl l)  Gif(z,slri) + 
r, 

x =  1 

Gif(z,,sll) Gp’(z,slri)]/G,(z,s), for 1 < z < M (11.9) 
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Again, replace a’ by a” for the tails of chains adsorbed on 
surface 2 only. For the volume fractions &,i(Z) of bridges 
we obtain 

r, 

= c,C[(Cf(z ,s l i )  + Gy(z,sll))(Gie”(Z,SIri) + 
s=l 

Gy‘(z,slri)) + (Gi ”‘ ( z,sp) + Gib”(z,sI1))(Gf(z,slri) + 
~ ~ b ( z , s l r ~ ) ) ] / ~ ~ ( z , s ) ,  for 1 < z c M (11.10) 

The volume fractions of loops, attached to surface 1, of 
bridging molecules are given by 

ri 

s=l 

~ b ( z  I ’  sll) G:’(z,slri) + Gib’(z,sll) G ~ ( z , s I ~ ~ ) I / G ~ ( z , s ) ,  
for 1 < z < M (11.11) 

For loops attached to surface 2, replace a’ by a” and b’ by 
b” in eq 11.11. As above, z = 1 gives the volume fraction 
of trains of these molecules on surface 1 and replacement 
of a’ by a“ and b’ by b” with z = M gives the volume 
fraction of their trains on surface 2. The volume fractions 
of their tails attached on surface 1 follow from 

Gif(z,sll) G:(z,slri)]/Gi(z,s), for 1 C z C M (11.12) 

Replace b’ by b” for the tails of bridging molecules attached 
on surface 2. The volume fraction $f(z) of free molecules, 
for 1 < z < M ,  is simply given by 

ri 

dif(z) = C,CGif(z,sll) Gif(z,slri)/Gi(z,s) (11.13) 
s=l 

The equation for the average number of loops per ad- 
sorbing molecule on surface 2 is 

For surface 1, replace a” by a‘, M - 1 by 2, and M by 1. 
The number of trains per adsorbing molecule i is 1 more 
than their number of loops: ntr,i*’ = nIp,ia’ + 1 and ntr,ia” = 
nlp,f’’ + 1 for surfaces 1 and 2, respectively. The number 
of tails per molecule is 2 minus the average number of their 
ends ending on the surface. For adsorbing chains on 
surface 2 we obtain 

G?”(M,rill) + G?(M,l(ri) 
nt,,:“ = 2 - (11.15) 

G?“(rill) 

and for adsorbing chains on surface 1 replace a” by a’ and 
M by 1. 

The average number of bridges per bridging molecule 
i is given by 
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tails per bridging molecule on surface 2 are 
\ ,.-1 

Ilri) + Gib”(M,s+l[ri)) + Gy(M,sll) G,b”(M-l,s+l(rJ] 
(11.17) 

Replacing M - 1 by 2, M by 1, and a” by a‘ and exchanging 
b’ and b” in eqs 11.17-19 leads to the number of loops, 
trains, and tails, respectively, per bridging molecule on 
surface 2. 

The average fraction of segments, u,  in trains, loops, tails, 
and bridges of molecule i is given by 

(11.20) 

where g (=a’, a”, b) refers to one of the molecule fractions 
(adsorbed molecules on the first surface, adsorbed 
molecules on the second surface, or bridging molecules) 
and sq (=tr, lp, tl) denotes the sequence type (either trains, 
loops, or tails). 

The average length, I&‘, for chain part sq of the molecule 
fractions g of molecules i is then given by 

(11.21) 

Appendix 111. Numerical Method 
The segment density profiles ( I $ A ( z ) ~  can be calculated 

according to eqs 18 and 29 once the potentials {uA(z) }  are 
known. These potentials are given by eq 46 and depend 
on the segment densities and u’(z). Hence, we are dealing 
with an implicit set of equations, which can be solved 
numerically, for instance with the FORTRAN program of 
Powell.19 

We define a set of unconstrained variables X A ( Z ) ,  which 
we relate to the deviation of u ~ ( z )  from the average segment 
potential ii and a term independent of A and z 

4 
where the average segment potential, a, is defined as 

(111.2) 

2,A 

From the definition of the unconstrained variables, X A ( Z ) ,  
in eq 111.1 it follows immediately that  the following 
relations must hold 

(111.4) 

where f is the average of all X A ( Z )  defined in the same way 
as ii. We introduce a reduced segment weighting factor, 
GA(z) .  It is defined as 

S ; A ( Z )  = G A ( z )  exp[ii/kT] (111.5) 

With the help of eqs 18 and 111.4 we can rewrite eq 111.5 
and express GA(z)  in terms of the unconstrained variables 

G A ( Z )  = exp[xA(z) - f ]  (111.6) 
From the set I x A ( z ) /  we calculate the reduced segment 
weighting factors, G A ( z ) ,  according to  eq 111.6, the 
correspondin reduced chain distribution functions, 
Gi(z,sll) and 8(Z,slri) ,  according to the equivalenttof eqs 
27 and 28, and the reduced chain weighting factors, Gi(rill), 
according to the equivalent of eq 22. Note that Gi(ril1) 
= Gi(ril1) exp[ria/hT], so that ii/kTmay be obtained from 
eq 111.3 as 

xA(z)* 

7 )  
kT T r  y. ’ 

The segment densities &(z) are found with the equivalent 
of eq 29 in reduced weighting factors 

ri 

c#&) = c i ~ c i ( z , s l l )  Gi(z,s(ri)/Gi(z,s) (111.8) 

where the reduced normalization constant, ci, is related 
s = l  

to Ci by 
n ti = Li 

exp[ r i u / k  TI (111.9) 

If Oi is given, we can substitute eq 30 into eq 111.9: 

(111.10) 

It is easily verified that the factors exp[ii/kT] cancel out 
in eq 111.8, 

The Lagrange multipliers, a(%), may be calculated from 
eqs 16 and 39. During the iterations a(z)  may depend on 
the type of segment. Therefore, we define C Y A ( Z )  as 

For u ~ r e f  we use the expression given in eq 44. The division 
by &Sc(z) damps strong fluctuations in CVA(Z)  during the 
iterations (when the boundary conditions & ~ C ( Z )  = 1 are 
not yet satisfied) and has no effect on the final result. 

For every layer z we have to satisfy the boundary 
condition ~ A ~ A ( z )  = 1. In addition, a ( z )  must have the 
same value for every type of segment in layer z .  We have 
formulated the following function ~ A ( z ) ,  which combines 
the boundary conditions and has turned out to  be 
reasonably linear in U A ( Z )  for most cases 

and 
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where n(z) = EACYA(Z)/&~ is the average of CYA(Z) in layer 
t .  This function ~ A ( z )  is only zero if the boundary 
conditions are satisfied and if (uA(z)J is consistent with 

Initial values of {XA(Z)\  are obtained as follows. The 
potentials U A ( Z )  for 1 < z Mare  set to zero. Only UA(1)  
and UA(W are given a small negative value. From these 
initial values of ~uA(z ) J  we can calculate {CA(Z)] and, from 
them, Ci(ri(1) of every molecule type i. The corresponding 
initial values Of  { x A ( z ) \  are then found from eq 111.1. Then 
the iteration procedure is started to find the set of ( x A ( z ) )  
for which the functions ( f~ ( t ) \  are zero. The iteration is 
stopped when the tolerance ( x ~ x A [ f A ( z ) ] ~ ) ' / ~  is typically 
less than 

For each component either Bi or pi (or $ib) should be 
given. However, in order to avoid that the functions f ~ ( t )  
become overdetermined because of xi4 = xij@i(t), at least 
one component, e.g., a solvent, should be free to adapt its 
19i during the iterations. 

{@A(Z) \ *  
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